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The nonlinear response of noisy bistable systems driven
by strong amplitude periodical force is investigated by phys-
ical experiment. The new phenomenon of locking of the mean
switching frequency between states of bistable system is found.
It is shown that there is an interval of noise intensities in which
the mean switching frequency remains constant and coincides
with the frequency of external periodic force. The region on
the parameter plane \noise intensity { amplitude of periodic
excitation" which corresponds to this phenomenon is sim-
ilar to the synchronization (phase{locking) region (Arnold's
tongue) in classical oscillatory systems.
PACS number(s): 05.40.+j, 02.50.-r; Accepted for
publication in Phys.Rev.Lett.
The dynamics of noisy nonlinear systems show a vari-
ety of non-trivial phenomena which have been extensively
studied during the last decade [1,2]. Among them the
resonance-like and synchronization-like phenomena are of
great interest [3]. In particular, a great deal of work
has been devoted to the phenomenon of stochastic res-
onance (SR) [4]. This phenomenon occurs in nonlinear
systems subjected simultaneously by external noise and
periodic force. The response of nonlinear noisy system
to small periodic excitation can be enhanced. It hap-
pens most eectively for an optimal intensity of stochastic
force when the noise-controlled time scale (for example,
the mean transition time between two stable states of a
bistable system) coincides with the time scale of the peri-
odic force. Theoretical investigations (see references in
[5]) have shown that SR phenomenon can be correctly
described in terms of linear response theory (LRT) [6].
The stochastic synchronization has been observed in
two coupled bistable systems [7]. It was found out that
when the strength of coupling achieves some critical value
then the stochastic hopping dynamics in the subsystems
becomes coherent. In papers [8] the resonance phenom-
ena in globally coupled stochastic oscillators have been
studied.
Nonlinear eects in stochastic resonance have been
studied in [9{14]. In [12] an analytic approach in the
framework of the adiabatic theory [15] has been proposed.
The generation of high-order harmonics has been con-
sidered in [11]. In [9] the universal power low decay of
the spectral density has been found in the weak{noise
limit. Another nonlinear eect in SR, noise{enhanced
heterodying has been described in [10]. A new nonlinear
eect in SR has been found and accounted theoretically in
[14]: using the technique of pulse sequences the existence
of a second peak in the dependence of the signal{to{noise
ratio versus the noise intensity has been found for a large
enough amplitudes of periodic force.
In the present Letter we study another group of nonlin-
ear phenomena in periodically driven noisy bistable sys-
tems. Let us turn to the classical theory of oscillation. As
is well known, small periodic forcing of an oscillator leads
to the phenomenon of linear resonance: when the driven
frequency coincides with the natural frequency of oscil-
lator then the magnitude of response of the system takes
its maximum. The phenomenon of SR is similar to this
linear resonance. As distinct from ordinary resonance
the natural frequency in the case of SR is the statistical
quantity and the phenomenon is observed via changing
of this noise-controlled quantity.
Another resonance phenomena are observed in self{
sustained oscillators: the natural frequency of oscillator
can be locked by external periodic force. As a res-
ult, regions of synchronization in the parameter space of
the systems appear. These regions are called "Arnold's
tongues", and the natural frequency of oscillator is in a
rational relation with the driving frequency in these re-
gions. It is reasonable to try to nd similar phenomena
in periodically driven stochastic bistable systems. Actu-
ally, a bistable system driven by external noise can be
considered as an analog of self{sustained oscillator with
natural frequency represented by the mean switching fre-
quency (MSF) between stable states. We set up the hypo-
thesis that in nonlinear regime of operation of stochastic
bistable system driven by periodic force the same regions
where the MSF coincides with the frequency of driving
force can be observed. Below we show that this hypo-
thesis ts experimental data.
As was mentioned above, the eects under considera-
tion are suciently nonlinear and therefore the existent
theories of periodically driven stochastic systems can not
be applied. We choose physical experiment as a tech-
nique for investigations. The two models we used are the
Schmitt trigger and an overdumped bistable oscillator.
The Schmitt trigger is an ideal two{state electronic
device demonstrating pure hopping dynamics. Using this
device the stochastic resonance was rstly investigated ex-
perimentally in [16]. A schematic diagram of the Schmitt
trigger system and description of its operation can be
found for instance in [16,15,5]. The application of the
adiabatic theory to this device has been made in [15].
The ideal Schmitt trigger circuit driven by periodic force
and noise (t) obeys the equation
y = sgn[y  A cos (2f
0
t)   (t)]; (1)
1
where  is the parameter corresponding to the threshold
levels of the trigger.
The overdumped bistable oscillator simultaneously
driven by noise and periodic signal is described by the
Langevin equation
_x = ax  bx
3
+ A cos (2f
0
t) + (t); (2)
where a and b are parameters. In the absence of noise
bistability is destroyed for A  V
b
= (4a
3
=27b)
1=2
. The
parameter V
b
is equivalent to the threshold level of the
Schmitt trigger. The detailed description of experimental
investigation of this system has been done in [17].
In our experiments we use quite the same schemes as
in cited papers. The Schmitt trigger which is just an
operational amplier is subjected by noisy signal with
cut-o frequency f
c
= 100kHz and the periodic sig-
nal. The amplitude of the periodic signal A in all ex-
periments is small enough not inducing switching of the
trigger without noise: A < V
t
, where V
t
= 150mV is
the threshold of the Schmitt trigger. At the output of
the Schmitt trigger system we have got the dihotomic
stochastic process which can be characterized by the
mean durations of the upper state and lower state: T
u
,
T
l
. We calculate these quantities using a computer con-
nected via ADC with the output of the system. The mean
"period" of switching is therefore
T
s
= T
u
+ T
l
: (3)
In the frequency domain this quantity corresponds to the
mean switching frequency (MSF)
f
s
=
1
T
s
=
1
T
u
+ T
l
(4)
In the absence of periodic force the MSF is fully con-
trolled by noise and is characterized by the exponential
Arhenius law [2]:
f
(0)
s
/ exp ( U=D); (5)
where U is a barrier height and D is the noise intensity.
In the presence of periodic excitation the MSF becomes
a function of the parameters of periodic force.
The results of measurements of the MSF for the Schmitt
trigger are shown on Fig.1 as a function of noise intensity.
In the absence of periodic excitation as well as for a weak
periodic forcing the dependence of the MSF versus noise
intensity ts exponential law. For a large enough amp-
litude of periodic force the exponential law breaks down.
It is seen that there is an interval of noise intensities in
which the MSF remains constant and corresponds to the
frequency of periodic force f
0
. The variations of the MSF
in this region do not exceed 0:5%. Therefore, the mean
switching rate between two states of noisy bistable system
is \locked" by external periodic force: in a certain region
the MSF is equal to the value of driving frequency.
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FIG. 1. The measured MSF versus noise voltage for dif-
ferent amplitudes of periodic signal for the Schmitt trigger:
A = 0mV (4), A = 60mV (2), A = 100mV (?). The signal
frequency is f
0
= 100Hz and the trigger threshold level is
V
t
= 150mV .
Making the similar measurements for dierent values
of the amplitude of periodic force we obtain the region on
the parameter plane "noise intensity { amplitude of peri-
odic force" in which the MSF is equal to the frequency of
periodic force within the limits of experimental accuracy
given above. These "synchronization" regions are shown
on Fig.2 for several values of driving frequency f
0
. The
base of each of the regions determines the synchronization
threshold values A
th
of modulation amplitude. There-
fore, the phenomenon has threshold feature as in classical
oscillators with hard excitation. Fig.2 demonstrates the
dependence of the synchronization threshold values A
th
versus driving frequency and noise intensity as well: the
greater the driving frequency is, the greater the threshold
value A
th
is and the stronger noise we have to apply to
obtain the eect of the MSF locking.
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FIG. 2. The synchronization regions for the Schmitt trigger
for dierent frequencies of periodic force: f
0
= 100Hz (?),
f
0
= 250Hz (4), f
0
= 500Hz (2). The threshold level of the
trigger is V
t
= 150mV .
The same regions of synchronization as in Fig.2 can be
obtained via varying the threshold levels of the Schmitt
trigger which are presented on Fig.3. This gure shows
2
the dependence of the synchronization threshold value on
the threshold levels of the Schmitt trigger: the higher the
barrier height of the trigger is, the greater the threshold
value A
th
and the noise intensity D
th
are.
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FIG. 3. The synchronization regions for the Schmitt trigger
for dierent values of the trigger threshold level: V
t
= 150mV
(?), V
t
= 205mV (2), V
t
= 255mV (4). The frequency of
periodic force is f
0
= 100Hz.
The measurements of the signal{to{noise ratio (SNR)
inside the regions of synchronization have shown the ex-
istence of an additional maximum in the dependence of
the SNR versus the noise intensity. This eect is in full
correspondence with the results of the paper [14]. Below
the threshold value A
th
(see Fig.2), where the amplitudes
of the periodic force are small enough, the dependence
of the SNR versus the noise intensity has ordinary shape
with a single maximum.
Qualitatively the same phenomena have been observed
for the overdamped bistable oscillator. The results of
measurements of the MSF for dierent amplitudes of peri-
odic force are presented on Fig.4. Again we observe a
region of the noise intensity in which the MSF remains
constant. The results of experiments were conrmed by
numerical simulations of equations (1) and (2).
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FIG. 4. The measured MSF versus noise voltage for the
overdamped bistable oscillator for dierent amplitudes of peri-
odic signal: A = 0mV (4), A = 480mV (2), A = 620mV (?).
The signal frequency is f
0
= 100Hz. Bistability is destroyed
for the threshold parameter V
b
= 630mV .
The \synchronization" regions on Fig.2,3 are very sim-
ilar to those in a classical self-sustained oscillator driven
by external periodic force (Arnold's tongues). However
there is a basic dierence between phase{locking eects in
self{sustained oscillators and the phenomenon of the MSF
locking. In our case of stochastic bistable system there
is no any natural frequency in classical sense. The role
of natural frequency of oscillator is played by the stat-
istical quantity, the mean switching frequency between
two states of the system. The notion of a "phase" for
this stochastic switching is dicult to introduce. Con-
sequently, we can mark the phenomenon under consider-
ation as a synchronization only in quotation marks.
In conclusion, we have studied experimentally the
nonlinear eects in bistable stochastic systems driven by
periodic force. We have found out the new phenomenon:
the mean switching frequency locking by external peri-
odic force. This phenomenon manifests itself in the ex-
istence of a region on the parameter plane \noise intensity
{ amplitude of periodic force" in which the mean switch-
ing frequency between two states of the system equals to
the frequency of periodic force. This synchronization-like
phenomenon has threshold features. The threshold value
of the signal amplitude depends on the signal frequency
as well as on the barrier height of the potential.
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